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plate flow. The results of computations of the dependences vwy — p are presented in Fig. 4
for the values & < &g (£ = 0.1, 0.2, 0.25, 0.3 are the lines 1-4).

One interesting feature of the solutions obtained for viscoplastic deformation problems
should be noted in the case of a linear function &. The linear dependence of the character-
istic rates of deflection on the load (2.5), (2.7) is sufficiently regular for all plates in
the presence of one flow mode, however, an analogous dependence in the presence of several
zones with moving boundaries is somewhat unexpected. Nevertheless, despite the awkwardness
of the analysis, the deviations from the linear dependence are not large in all cases for the
known solutions (see [1, 2, 4-6], Figs. 3 and 4), and are remarked only in the domain of load
values near the static limit load. For instance, for a circular plate loaded by uniform pres-
sure [4], the deviations from the linear dependence in the whole range of displacement rates
do not exceed 17 of the static limit load.
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INVERSE PROBLEM OF MEMBRANE DEFORMATION UNDER CREEP CONDITIONS

I. Yu. Tsvelodub UDC 539.376

1. Inverse problems of membrane deformation under creep conditions in a given time in
a convex surface for minimal energy expenditures occur, for instance, in analyzing technologi-
cal equipment for pressure treatment of materials in the creep regime [1].

Let us consider a membrane occupying a domain S in the x;0x; plane that is bounded by
the outline y and is being deformed under the action of external forces q mormal to its plane

and px (k = 1, 2) applied to y and lying in its plane. The equilibrium equations have the
form [2]
PR o et _Ow_ (1.1)
ar; (k=1,2), hoy, drydry T o '
where ox7 (k, I = 1, 2) are stress tensor components, h is the membrane thickness, and w is
its deflection. Summation from 1 to 2 is over the repeated subscripts.
The strain tensor components ek7 (k, 2 = 1, 2) are related to the displacement compo-
nents ux (k = 1, 2) in the x;0x, plane and the deflection w by the following dependences [2]:
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We consider that the total strains of the membrane material are comprised of elastic
strains subject to Hooke's law and creep strain:

Bpp == OO+ By Ry D= 1,2), (1.3)

» o » - - 3
where the creep strain rates ng7 = ef7 (The dot denotes differentiation with respect to the
time t) are potential stress functions

AP
M= g, K b=12, (1.4)

11
where @ = ¢®(oy7) is the creep potential that is a convex homogeneous function of degree n + 1
in ox7 (k, L =1, 2) [3]. The function ¢ = [1/(n + 1)]W, where W = Ok7Nk7 1s the specific
power of the energy dissipated during creep which implies the convexity of the functions
W= W(opy) and W = w(nkz) [3], for any two states the following inequality holds [4]

) D > 6(1) (‘]fa? (1!))_ (1.5)

Let us formulate the inverse problem whose investigation is the purpose of this paper:
What external forces q = q(x1, Xz, t) and px = pr(s, t) (k = 1, 2), where s is the arclength
of the contour vy, 0 < t < tx, must be applied to a membrane which is in the natural unstrained
state at t < 0 such that given values of residual deflections ws = wg(x1, x2) would be ob-
tained at t = ty after their instantaneous removal and corresponding elastic unloading, and
such that the work of these forces expended in deforming the membrane would be minimal? 1In
other words, among all possible loading paths resulting in a given residual surface shape of
an initially flat membrane in a given time ty, the optimal path in the sense of energy expen-—
diture must be selected.

We consider the given surface to be convex, i.e.,

2 2 3 2, \2
o co, Do lve (T Vs, (1.6)
el dr] 9z 1%

and also that wy = uﬁ =0 (k =1, 2) on vy, where uﬁ are residual displacements in the plane of

of the membrane.

It can be shown that the creep strain components are compatible for t = ty, i.e., rela-
tionships of the type of (1.2) are expressible in terms of uf (k = 1, 2) and wi. In fact,
after unloading the field of residual stresses Okz and re51dual deflectlon wy should satisfy
a system of equations of the form (1.1) for t = tx, in which we should set g = 0 [5]. 1If the
residual stress function Fy = Fx(x1, X2) is introduced in the usual manner such that the first
two equations in (1.1) are satisfied identically, then the third equation in (1.1) will take
the form

2
Pw, 8°F. , Pwe  0°Fy Pw, 0°F, (1.7

—a =0.
ary  dui ax amg dz,0z, 922 013

Since pf = 0 (k = 1, 2) on y for t = tg, then theboundary conditionsfor Fy canbe reduced
to the form [6] 9Fx/0xx = 0 (k = 1, 2) or Fy = 3Fx/%n = 0 on y. By virtue of (1.6), the equa-
tion (1.7) for the function Fy = F*(Xl, xp) 1s elliptic [7] and on the basis of the boundary
conditions mentioned has the unique solution Fx = 0, from which sz =0 (k, 2 =1, 2).

There results from (1.2) and (1.3)

1 y 1L dws dws L (1.8)
821(’*)2‘2"<a_x’;Ta_x;)+2 Br, 95, (o b=12).

Let us now calculate the work A expended by the forces q and pg (k = 1, 2) in membrane
deformation under the assumption that w = 0 on y during the whole process, i.e., for 0 €t <
tx. We have

=%

W u
A= I + I, I, = (' ‘f qdwdzldxg, s Sl phdukds
So Y

Oy &
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By virtue of (1.1) and the known Green's formula that reduces integration over the domain S
to integration over the contour y, we can obtain

T o T
w . w
I1 - _-h's.‘s. a;;(gklﬂ_%dw) dzldxz—i—lar‘—hjlj‘ Ukla—z;nldwds—{—f.,
0

5 Vo
Wi a
Jw w\-
13 = h‘s‘jl o'h,a;’;d(a-;) (ledxz,
50
where ng (k = 1, 2) are components of the external unit normal vector to y. Because of the

boundary conditions for w the first integral in the last equality vanishes; therefore, A =
I3 + I,.

It is easy to see that the quantity A equals the work of the stress Ok7 on the strain
*
Bkl

ek7 in the whole membrane volume, i.e., A::hy.fchﬂsmdqdfz, from which, by virtue of (1.3) and
50

4]
the equalities Oﬁz =0 (k, Z =1, 2), we obtain 4A=» jIVﬂd%ﬂ%, W=0,1,.
0

tn—,

Let us prove the following assertion: The optimal loading path (in the above-mentioned
sense) is that for which the stress components at each point of the membrane are independent
of the time. Such a stress field, if it exists, is uniquely defined.

We assume that such a path exists; all the quantities referring to it will be denoted
with the subscript 0. Then for any other loading, assuringthe given residual deflection
Wi = wy(xy, x2) after unloading at t = tyx, we have

in ix
. nt+1
A—4, = hjy (W —Ww,)dtdz dz, = 1 ;i' j‘j‘ ahlu (nhl — "kln) dtdz,dz,
"So ‘So .

. * *
="t o, acS (0 degdz, = a2y L [28% | PAw)
n T n L) 9z, + dz,, %10,

8 ' S

(1.9)

= T1l 2 * _n+1 *
|2 ” S. a_ﬁ (ohloAuk.) d,rldz2 = SlphoAukds =0, (1.9)
g Y

In (1.9) we used the inequality (1.5), the condition of independence of Ox7, from t,

. . . . . . R wy 0wy
the relationships (1.8) in which wy = wg(x1, %2) is the given function, 1i.e., A(g;fg;?>== 0
(k, L =1, 2), the Green's formula, and the boundary conditions for the residual displace-
ments u. The symbol A denotes the difference between appropriate quantities referring to
the loading paths under consideration. Therefore, A, < A, which proves the first part of the
assertion.

The proof of the second part is analogous to the proof of the uniqueness theorem for
steady creep problems [8]. Indeed, eﬁz(t*) = meztx (k, 2 =1, 2) follows from (1.4) and we
obtain from (1.5) by interchanging the roles of the first and second states and combining
the inequality obtained with (1.5)

9

A“;h.ldnlzl =0, A“il.'l - “;zi) - Ggell)’ A M = ”I(j) - rlgzll)' (1. 10)

The inequality (1.10) expresses the known Drucker postulate for viscous strain [8]. As-
suming the existence of two solutions corresponding to the very same residual deflection W

and satisfying the zero boundary conditions for ug (k = 1, 2) with time-independent stress
fields and performing calculations analogous to those used in (1.9), we find

b g Ady Ae (14) deydry — bty ,( Acy Anyde dz, =0,
5 8

which is possible, by virtue of (1.10), if and only if Aoz =0 (k, Z =1, 2) in the whole
volume of the membrane since the expression Aokzbhng7 is a positive definite quadratic form
in doxy (k, 7 =1, 2) [8]. The assertion is proved.
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The contour loads for a known stress field oi7 are determined by the dependences py =
hokzny (k = 1, 2) on y. It is seen from (1.1) that w = w(xy, x2, t) (0 < t < ty) must be
determined to find the transverse loads q = q(x1, x2, t). Eliminating the quantity uy (k =
1, 2) from (1.2) and taking into account that the creep strain rate ng7 (k, 7 =1, 2) is in-

. i . . . .
dependent of t, i.e., &, ()= ey (ts), by using the relationships (1.3) and (1.8) we obtain the

W

following equality at any time £ (0 € t < ty)

2 a a2 a N .
w3 L Fwsw N AAF t Pw, \? Py P, (1.11)
ax,dr, G(ri a0 CES Tty drdr, | art it |’
. o 2

which is the strain compatibility equation [2] for this case. It was assumed for simplicity
in the derivation of (1.11) that the membrane material is isotropic, where E is Young's modu-—
lus, F is a stress function corresponding to the field o7, and AA is the biharmonic operator.

The relationship (1.11) is a Monge—Ampere equation in the unknown deflection w. Its
Dirichlet problem with the above-mentioned boundary condition w = 0 on vy has a unique solu-
tion, at least for a negative right side (The other solution differs just by a sign) [7].

If the time ty is sufficiently large, then the components of the stress o7 will evi-
dently be small quantities; consequently, the elastic strains (constant in time) can be ne-
glected in comparison with the developed creep strains, i.e., the steady creep scheme can
be used [3]. Then the first term in the right side of (1.11) can be omitted, and the el-
lipticity condition for this equation can be satisfied by taking account of (1.6), implying
Sbg_pniqueness (to the accuracy of a sign) of its solution [7]. In this case, evideutly w =

[YASATS

2. Let us consider a rectangular membrane with the sides 2g and 2b, a/b = ¢ < 1. Let
us select the origin at the center of the membrane, and let us denote the axes by x and y so
that the domain S is determined by the inequalities Ix| < a, lyl < b. Let us determine the
optimal stress field op7 (constant in time) of which we spoke above, for this case. As the

potential ¢ we take the standard [3] from (1.4):d)=’zB1fﬁ+’, where Ui::vfﬁi%—GZ—wuny%—&ﬁy

is the intensity of the stress B, n are constants, n > 1.

Let us introduce the dimensionless coordinates % = x/a, § = y/b, the displacements 4 =
u/a, ¥ = v/a, and the deflection ¥ = w/a in the xOy plane, later discarding the tilde symbol
~ above the dimensionless quantities so that the domain S will be defined by the inequalities
Ixl <1, lyl < 1.

To solve the problem, we apply the method of perturbations [9] by selecting the quantity
as small parameter. We shall assume that the given residual deflection wx = wx(x, y) de-
pends only on the dimensionless coordinates and does not contain the parameter e, where wy (21,
y) = wyx(x, *1) = 0. For simplicity we consider that wy is an even function in both the vari-
ables, i.e., wx(x, y) = wx(—x, y) = we(x, —y). The residual displacements ux and v satisfy
the zero boundary conditions, i.e., ug = vx = 0 for x = £1 and y = 1. We later omit the

asterisk subscript x on the quantities wy, uy, and vg.

Under the assumptions made for the creep strain components for t = ty,, we obtain from
(1.4) and (1.8)

ax 2
c L G0 e {o 2 n—1 1 (2.1
sym)—u&;rjwau == Blyoy oy -?Ux, )
¢ A far, auYy , & dwiw _ i1 )
GW(‘*)“T(E ,_GD)T._-):._'_(_II_Bt o; 5 Oy

The first two equilibrium equatioms in (1.1) take the form
@ 0x)0z + 80 0xldy = 0, doyfdr + edo,/dy = 0. (2.2)

Using the usual method [9], we represent the magnitudes of the displacements and stresses
in the form of power series in ¢ and then isolating terms with identical powers in (2.1) and
(2.2). Thus, we have for the zeroth approximation

dit 1 \) 1 {ow)?
__[‘) _ v P i e — e e | ——m
R B l*giu (Gxn D Try 2 \ge ) ?

B
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We use the boundary conditions for the variable x, i.e., Holy.zq ™ Pole.py = 0, to solve the
system (2.3). Consequently, it is not difficult to obtain
1
O, =0, O, 0

Xt 0’ Yo B)

&

1 2 nw‘—ll Aw\2 ,1,
o=z () [ (7)o 2.
0
1

o0 Oxyo =Y Oy == =5— 0y

Evenness of the function w = w(x, y) is used in (2.4). Because w(x, *1) = 0, we obtain
owidzl, .y = 0, from which wl,_.,y=0 . Therefore, the solution (2.4) of the system (2.3) for the
zeroth approximation satisfies all the boundary conditions.

We have the system of first approximation conditions from (2.1) and (2.2):

8 n—1 {.
Uy ~Bt+ (Vd ) .(3n—l—10,

1
-2 Y ra 7 w1 Oy )

av Vd n—1 1
0 p—
oy =B ( ) ( 7) (2.5)

2 + %y _ 3Bt -L/g . aw gw
gr | ey PP\ T2 e Say1 ™ B By’
80, acra.yo acrxm ac,m

T Ty % o Ty =0

The solution of the system (2.5) with the boundary conditions Uilgmry = Utleeg = 00 is
z 90,
O‘xlzﬁyl:(), Ot =" Gy u, =0,

1 1 /%
t 1 o | ow 3w aw 8%w
"1:(7+_2') (1‘1)550,[@ dH’.j‘Uay e ‘dx)d
] x

The equalities (2.4) were used in (2.6). It is seen that oilyery=0, i.e., all the bound-
ary conditions are satisfied even for the first approximation. B

(2.6)

We obtain the system of second approximation equations from (2.1) and (2.2):

du V3\-t 3n -t 1 — 1341
2 - T n H 2 2 2
55 = Bt (T) o, "? {0’0 ( 7 Cm T T ) T [-T Oy b Oy — 20,04, L+ 3%;;1”

a 1 VIV L 1 . 1 )
—a—[j—l——l—(w) = Bty ( 5 ) g('jl Biqﬂ Oy = 7 Oxs —}-(n-—'l)(rxl om———._)‘--ﬂ'x1 ,

av, a"’l “/5 1 o (2.7)
+ 3y = = 3Bt, = {Uoow,, +(n—1) crxlcrxyl},
OOX.Z/O.L‘ -+ OnyL/Oy =0, Ao y,ldeF f’“yy dy == 0,

The solution of the system (2.7) satisfying the boundary conditions Ualye 1= Vol ™ 0 is

i
T (2 1
w7 om V| mn\yE)  am) BT
0[/ 0 * Vd 0'0 P

.

S
=
[
L.',[ —
—VE

2

TA\nd-1
@ dx + Bi, (]/’} ) ' 03“211)2 (+*—2), v, =0,
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P 2 6, 8%0,  n 1A,
@1:—‘—1+.i,(i"3), <Dq="—f——_“+"——.i( ) (2.8)
u 2\ dy = 1

The following remark must be made with respect to the solution obtained -above for the
first approximation. As is seen from (2.4), 0°\y=i1 = 0 which can result in infinite stresses

Oxy1s Oxo, and Oyp for y = #1. 1In turn this imposed definite conmstraints on the applicability
of (2.6) and (2.8).

For instance, let w = a(1 — y*)PQ(x), where a, p are constants and Q(x1) = 0. For the
quantities oKog/dyK (k = 1, 2,...) that will be in the expressions for the higher order ap-
proximations of the stresses to be finite, it is necessary that 2p/n be a natural number.
Thus, p # n follows from the condition of boundedness of the stresses Oxy1s Ox2s and Oy, for
y = *1. 1In this case uz(x, #1) = 0, i.e., all the boundary conditions are satisfied for the
second approximation also.

Let us consider an example: n = 3, w = a(1 —y5)3%(1 — %x%). We find from (2.4), (2.6),
and (2.8)

-t

S 1372 1\ 4 3
=ﬁ{(1~y‘)2+8“ [-x‘ (8y* ~ 1)—!——‘%%—“]}, 6-:‘7(—@,—) ,

(1—4) 9 : 1 5, 4 152635 — 671
o, = { ot g 1P D) — 2 (1897 — )+ ||

U;xy = ')ﬁezy (1 - ya)c

@ 2 9 9 3
wela (1 — P =Y {(1 P 195 (147 4 1) — 10870° 701,

v-—oca(i—z)(z 4= )y('l-—yz)'z'.
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